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A Hadamard difference set is a difference set with parameters of the form 
(v, k, 1, n) = (4m*, 2m* -m, m2 - m, m2). It is shown that if an abelian group G con- 
tains a Hadamard difference set, then certain subgroups of G must also contain 
Hadamard difference sets. This result allows the known nonexistence theorems for 
Hadamard difference sets to be extended to many more groups. It is also shown 
that if a Hadamard difference set in an abelian group has minus one as a multiplier, 
then the square-free part of the parameter m can only have the prime factors 2 
and 3. @? 1990 Academic Press. Inc. 
1. INTR~DUCTL~N 
A difference set is a combinatorial configuration that is defined as a 
subset D of a finite group G with the property that the differences of 
distinct elements of D replicate each nonidentity of G the same number of 
times. In other words, the equation d-d’ = g has the same number of 
solution pairs (d, d’) in D x D for each nonidentity element g in G. The 
cardinalities of G and D are denoted by u and k, respectively, while the 
replication number is denoted by 2. Counting the totality of differences in 
two ways yields 
k(k-1)=2(0--l). (1.1) 
The quantity k - ;1 is denoted by n and is called the order of the difference 
set. Note that (1.1) can be written as 
n = k2 - AI. (1.2) 
The parameters of a difference set are the values (v, k, A, n). 
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The difference sets considered in this paper have parameters of the form 
(v, k, i, n) = (4m’, 2m2 -m, m2 -m, m2) (1.3) 
for integral m. These difference sets are called Hadamard difference sets, 
since their f 1 incidence matrices are Hadamard matrices-see Turyn [ 12, 
p. 329 ff]. Alternative names are H-sets (Turyn [ 12, p. 3303) and Menon 
difference sets (Beth, Jungnickel, and Lenz [l, p. 2991) for Menon [lo]. 
Note that replacing m by -m in (1.3) yields the parameters of the 
complementary Hadamard difference set. 
We show that if an abelian group G contains a Hadamard difference set, 
then certain subgroups H of G must also contain Hadamard difference sets. 
This result allows the known nonexistence theorems for Hadamard 
difference sets to be extended to many more groups. The conditions that 
insure that the subgroup H contains a Hadamard difference set are: 
(1) H is a subgroup of G whose order is even and relatively prime to the 
order of the factor group G/H and (2) either the Hadamard difference set 
in G has minus one as a multiplier or else for each prime p that divides the 
order of G/H there is an integer t such that p’ = -1 (mod e,), where eH is 
the exponent of H (i.e., the order of the largest cyclic subgroup of H). 
We also show that a necessary condition for the existence of a 
Hadamard difference set with multiplier minus one in an abelian group of 
order 4m2 is that the square-free part of m have no prime factors other 
than 2 and 3. There remain just six values of m in the range 1 <m < 100 
for which existence is undecided in this case. 
2. GROUP RINGS AND ABELIAN CHARACTERS 
Let G be a finite group written multiplicatively and let Z denote the ring 
of integers. We use the group ring ZG as the natural setting for studying 
difference sets. Each element of ZG is of the form 
(2.1) 
where the coefficients, ag, belong to Z. We identify each subset S of G with 
the element 
in 7G that has coefficients of 1 on those group elements that belong to S 
and other coefficients 0. In particular, each g in G and G itself can be 
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considered elements of ZG. Each integer n is identified with the group ring 
element nl,, where 1, denotes the identity element of G. For an arbitrary 
element A in ZG, as given by (2.1), we define 
Let D be a subset of cardinality k of a group G of order v. Then D is a 
difference set in G with parameters (v, k, A, n) if and only if in the group 
ring notation 
DD’-“=k+l(G-l.)=n+JG. 
Now assume that the group G is abelian. Then a character x of G is a 
homomorphism from G into the multiplicative group of complex roots of 
unity. We write 
x:g-xk), gcG. 
If G has exponent e, then x(g) must be an eth root of unity. It is well 
known that under termwise multiplication the characters of G form a 
group, G*, which is isomorphic to G. The identity of this character group 
is the principal character, x0, that maps every element of G to 1. The 
characters of G can be extended linearly to the group ring ZG: 
:= C a,x(s). 
geG 
Thus each character of G is a ring homomorphism from ZG into the 
algebraic integers in the cyclotomic field obtained by adjoining a primitive 
eth root of unity to the field of rational numbers. 
A fundamental result concerning abelian group characters is the inversion 
formula which “inverts” (2.1), namely, 
where JGI denotes the order of G. 
For a more detailed discussion of abelian group rings and their charac- 
ters, see, e.g., Mann [4, Chap. 71. 
3. MAIN RESULTS 
LEMMA 3.1. Let s = 4(m/d)‘, where m and d are positive integers with d 
an odd divisor of m. If x1, . . , x, are integer variables that satisfy 
i$l xi = WWm - l), (3.1) 
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then the minimum value of C xf is 
min i xf = (m/d)’ + m* - m. 
i= 1 
Furthermore, this minimum value can occur only when (m/d)[2(m/d) + 1 ] 
xi’s are equal to i(d- 1) and the remaining (m/d)[2(m/d) - l] xi’s are equal 
to $(d+ 1). 
Proof. Suppose x1 < ’ . . <x, are integers for which C xf is minimal 
subject to the constraint (3.1). Then 
s-1 
O<(x,+1)2+ c xf+(x,-l)‘- i XT 
i=2 i=l 
=2(x,-x,+1). 
Thus x1 6 x, < x1 + 1. Hence there are integers r and y with 0 < r 6 s such 
that 
x,= . . . =x,=y 
X r+1= .. =x,=y+l. 
Therefore, 
i~Ixi=ry+(s-r)(y+l)=(m/d)(2m-1). (3.2) 
We assert that (3.2) has a unique solution pair (r, y). For if (rIr y,) and 
(r2, y2) are both solutions to (3.21, then 
f-1 YI + (s - rl N Y, + 1) = r2 y, + (s - r2)( y, + 1). 
Hence s(y,-yz)=r,--rz. But O<r,,r,ds, so scandivide rI--r2 only if 
r, = r, , Then y1 = y,. Therefore, since 
r = (ml4Mml4 + 1 I, 
y=;(d- 1) 
is a solution to (3.2), it is the only solution. Hence the minimum value of 
1 xf is 
min i xf=ry2+(s-r)(y+ 1)’ 
i= 1 
=(m/d)[Z(m/d)+ l](d- 1j2/4+ (m/d)[2(m/d)- l](d+ 1)2/4 
=(m/d)2+m2-m. 1 
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Let a and b be relatively prime positive integers. We say that a is self- 
conjugate modulo b in case for each prime p that divides a there is an 
integer t such that pf = -1 (mod 6). The concept of self-conjugacy is due to 
Turyn [12, pp. 321-3221. 
THEOREM 3.1. Suppose that there exists a Hadamard dtjjference set in an 
abelian group G which is the internal direct product H x K of subgroups H 
and K whose orders are relatively prime with H of even order. Suppose 
furthermore that the order of K is self-conjugate modulo the exponent of H. 
Then there is a Hadamard difference set in H. 
Proof The group epimorphism G + H with kernel K induces a natural 
group ring epimorphism ZG + ZH with kernel ZK. We denote the image 
of an arbitrary A in ZG under this epimorphism by A/K. In particular, 
considering G and H as elements of the respective group rings ZG and ZH, 
we have G/K = 1 KI H. Let D be a Hadamard difference set in G and let 
IG( = 4m2. Then 
(D/K)(D/K)‘-“= (D/K)(D”)/K) 
= (DD’-“)/K 
= (n + LG)/K 
= m2 + (m2 - m)lKl H. (3.3) 
The hypotheses imply that the order of K is a square, say )KI = d2, where 
d is an odd divisor of m. Hence 
(HI = 4(m/d)‘. 
If $,, is the principal character of H, then 
+,(D/K) = k = 2m2 -m E 0 (mod d). 
We assert that 
$(D/K) = 0 (mod d) 
(3.4) 
(3.5) 
for all character $ of H. Let eH be the exponent of H and let [ be a com- 
plex root of unity of order eH. Then the cyclotomic field Q(c) obtained by 
adjoining < to the field of rationals Q contains $(0/K) for all characters II/ 
of H. Equation (3.3) implies that 
for all nonprincipal characters II/ of H. Furthermore, Il/(D’-“/K) is the 
complex conjugate of II/(D/K). Hence to prove assertion (3.5) it is sufficient 
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to show that complex conjugation fixes each prime ideal divisor of d in 
Q(i). Let p be a rational prime that divides d. The prime ideal divisors of 
p in Q(l) are fixed by the automorphisms generated by [H 5”. Since the 
order of K is self-conjugate modulo eH, there is an integer t such that 
p’ = - 1 (mod eH). Hence the prime ideal divisors of p in Q(c) are fixed by 
the automorphism determined by [ H [-I, that is by complex conjugation. 
This proves assertion (3.5). 
By the inversion formula for ZH, the coefficient of D/K on the group 
element h in H is given by 
where the summation is over all characters $ of H. Since each t+b(D/K) is 
divisible by d and d is relatively prime to IHI, it follows that all coefficients 
of D/K are divisible by d. Let 
D, :=d-‘D/K=: 1 a,h, (3.6) 
hGH 
where the coefficients, ah, are integral. Then 
1 ah = kJd= (m/d)(2m - 1). 
hsH 
Comparing coefficients on the identity of H on both sides of 
DlD~-“=(m/d)2+(m2-m)H, 
which follows from (3.3), we obtain 
(3.7) 
hFH ai = (m/d)2 + m2 - m. 
Hence, by Lemma 3.1, 
D,=d(d+l)E++(d-l)(H-E) 
=E+$(d-l)H (3.8) 
for some subset E of H with cardinality 
k, := (m/d)[2(m/d) - 11. (3.9) 
Equations (3.7) and (3.8) yield 
EE’-“=[D,-;(d-l)H][D\-“-f(d-l)H] 
= (m/d)2 + A, H (3.10) 
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for some integer J.i. Hence E is a difference set in the group H. Applying 
the principal character of H to (3.10) and using (3.4) yields 
k; = (m/d)2 + &4(m/d)‘. 
Then using (3.9) to eliminate k, yields 
A, = (m/d)2 - (m/d). 
And using (3.9) again yields 
nl := k, - 1, = (m/d)‘. 
Thus E is a Hadamard difference set, that is the parameters (a,, k,, A,, n,) 
of E are of the form (1.3) with m replaced by m/d. 1 
Let D be a difference set in an abelian group G. For any g in G, Dg is 
a difference set called a translate of D. For any integer t we define DC” to 
be the image of D under the mapping g H g’, g in G. If DC!) is a translate 
of D, that is if D(l) = Dg for some g in G, then we say that t is a multiplier 
of D. Necessarily, a multiplier is relatively prime to the order of G. Mann 
and McFarland [S] have shown that a multiplier of a difference set must 
fix some translate, that is, (Dg)“’ = Dg for some g. 
THEOREM 3.2. Suppose that the abelian group G contains a Hadamard 
difference set that has minus one as a multiplier. Let H be a subgroup of G 
whose order is even and relatively prime to the order of the factor group G/H. 
Then H contains a Hadamard difference set that has minus one as a multi- 
plier. 
Proof: Let D be a Hadamard difference set in G that is fixed by the 
multiplier minus one. The hypotheses imply that G is the internal direct 
product G = H x K for some subgroup K. Let the order of G be 4m2. Since 
(D/K)2 = D2/K= (n + nG)/K, 
then 
[II/(D/K)12 = n = m2 
for all nonprincipal characters rl/ of H. Therefore, 
t,b( D/K) = 0 (mod m) 
for all characters $ of H including the principal character tjO, since 
$,(D/K) = k = 0 (mod m). 
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Thus assertion (3.5) in the proof of Theorem 3.1 follows from the 
hypothesis that minus one is a multiplier instead of the hypothesis of self- 
conjugacy. The rest of the proof is that of Theorem 3.1 upon noting that 
D\-“=D, and EC-“=E. i 
THEOREM 3.3. Let D be a dtfference set in an abelian group G that is 
fixed by the multiplier minus one. Then any integer t which is relatively prime 
to the order of G is a multiplier that fixes D, that is DC” = D. 
Theorem 3.3 appears in Lander [3, Theorem 4.281 and its proof is 
attributed to McFarland and Rice [9]. Jungnickel [2] notes that Theorem 
3 was obtained by D. R. Hughes, J. H. Van Lint, and R. M. Wilson, but 
not published. 
THEOREM 3.4. If there exists a Hadamard difference set with multiplier 
minus one in an abelian group of order 4m2, then the square-free part of m 
can only have the prime factors 2 and 3. 
Proof. Let G be an abelian group of order 4m2 which contains a 
Hadamard difference set D that is lixed by the multiplier minus one. Sup- 
pose that m is exactly divisible by p’, e > 1, where p is an odd prime. Then 
G is the internal direct product G = H x K of subgroups H and K of respec- 
tive orders 4m2/p2’ and p2’. Equations (3.6) and (3.8), which follow from 
the proof of Theorem 3.2, imply that each coefficient of D/K is either 
f p’(p’ - 1) or ip’(p’ + 1). The coeflicient of D/K on the identity element 
of H is the cardinality of D n K. Hence by replacing D by its complement, 
if necessary, we can assume that 
IDnKI=ip’(p’--1). (3.11) 
We now obtain another expression for ID n KI. Let r be a primitive root 
of p’. By the Dirichlet theorem on the infinitude of primes in an arithmetic 
progression we can add a suitable multiple of p’ to r to obtain a prime 
t > 2m that is a primitive root of p’. By Theorem 3.3, t is a multiplier that 
fixes D. Let g be a nonidentity element of K. Since I#) =P=~, g has order 
pf for some f > 0. The mapping g H g’ generates a cycle whose length is the 
order of t modulo p/, that is pr- ‘(p - 1). Hence 
IDnKI=a+b(p-1) (3.12) 
for integers a and b, where a = 1 or 0 according to whether the identity 
element of G does or does not belong to D. Equations (3.11) and (3.12) 
yield 
2b =pe(pepl + . . . + 1) - 2a/( p - 1). (3.13) 
If p > 3, then a = 0 and e is even in order that the right-hand side of (3.13) 
be integral and even. 1 
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4. APPLICATIONS 
Let D be a difference set in the direct product group H x K such that the 
image of D in the group ring ZH is two valued. That is, 
D/K = aE + b( H - E), 
where E is a subset of H (i.e., an element of ZH with coefficients 0 and 1) 
and a, b are integers. It is readily verified that E is a difference set in H. 
We say that E is a sub-difference set of D. Alternatively, we say that D is 
an extension of the difference set E. 
Theorem 3.1 of the previous section gives structural information about 
Hadamard difference sets by showing that they are often extensions of sub- 
difference sets that are also of Hadamard type. For example, let H be an 
elementary abelian 2-group and let K be an abelian group of odd order. 
Then, since every odd prime is self-conjugate modulo 2, any Hadamard dif- 
ference set in H x K must be an extension of some Hadamard difference set 
in H. Necessarily, of course, the orders of H and K must be squares. For 
another example let H be the direct product of an elementary abelian 
2-group and an elementary abelian 3-group and let K be an abelian 
Sgroup. Since 5 is self-conjugate modulo 6, the exponent of H, any 
Hadamard difference set in H x K must be an extension of some Hadamard 
difference set in H. Again, the orders of H and K must be squares. 
Theorem 3.1 also allows nonexistence theorems for Hadamard difference 
sets to be extended to larger groups. We state three nonexistence theorems 
that can be so extended. 
Turyn [ 12, Theorem 6 and its corollaries, pp. 331 ff] has proved a basic 
theorem that restricts the groups in which Hadamard difference sets can 
exist by giving upper bounds on the exponents of their Sylow p-subgroups. 
We state only the following result. 
THEOREM 4.1. If there exists a Hadamard dtfference set in an abelian 
group G of order 4pze, where p is a prime, then the exponent eP of the Sylow 
p-subgroup of G must satisfy e2 < 2e+2, e3 < 3’+ I, eP <p’ ifp 2 5. 
McFarland [7, S] has proved the following two results. 
THEOREM 4.2. Zf there exists a difference set in an abelian group of order 
4p2, where p is a prime, then the difference set is a Hadamard difference set 
andp=2 or 3. 
THEOREM 4.3. Let the group G be the direct product G, x GZ, where G, 
is an elementary abelian group of order p2 for an odd prime p and G2 is an 
abelian 2-group with exponent 2 ~fp = 1 (mod 4) and exponent 2 or 4 tfp = 3 
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(mod 4). Zf there exists a Hadamard difference set in G, then p is a Mersenne 
prime and ifp # 3, then the order of G2 is larger than 4~‘. 
We give one example of a nonexistence theorem obtained from 
Theorems 3.1 and 4.3. 
THEOREM 4.4. Let H be a group that is the direct product of an elemen- 
tary abelian 2-group and an elementary abelian group of order p2, where p 
is an odd prime that is not a Mersenne prime. Let K be an abelian group of 
odd order such that each prime divisor of the order of K has even order 
module p, Then there cannot exist a Hadamard difference set in the direct 
product group H x K. 
Proof: The hypothesis of the theorem implies that the order of K is self- 
conjugate modulo p. Since the order of K is odd it is self-conjugate modulo 
Zp-the exponent of H. Hence if there were a Hadamard difference set in 
H x K, then by Theorem 3.1 there would be a Hadamard difference set 
in H. But this is impossible by Theorem 4.3. m 
Recall from Section 1 that the parameters of a Hadamard difference set 
are of the form 
(v, k, A, n) = (4m2, 2m2 - m, mz - m, m’). 
P. K. Menon [lo] has shown that if there exist Hadamard difference sets 
in groups G, and G, with the parameter m equal to m, and m,, respec- 
tively, then there exists a Hadamard difference set in the direct product 
group G, x G2 with m = 2m,m,. Starting with Hadamard difference sets for 
m = 2 and 3, Menon’s construction yields Hadamard difference sets for all 
m of the form f 2’3” with r > s - 1. Turyn [ 1 l] constructs Hadamard dif- 
ference sets for m = f3” for all s > 0. Consequently, there exist Hadamard 
difference sets for all m of the form f 2’3” with r, s 3 0. 
It is an open problem whether or not there can exist a Hadamard 
difference set with m not of the form +2’3”. 
We conclude the paper by considering the existence of Hadamard dif- 
ference sets with multiplier minus one in abelian groups. The constructions 
of Menon [lo] and Turyn [ 111 cited above yield such difference sets for 
all m of the form f 2’3” with r, s > 0. In the range 1 d m 6 100 this accounts 
for 20 values of m. Theorem 3.4 rules out all remaining values of m in this 
range except for the following six values: m = 25, 49, 50, 75, 98, 100. 
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